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The coadjoint orbits of Lie groups are used in several 
disciplines, particularly in the theory of integrable systems. These 
orbits are naturally equipped with an invariant symplectic structure. 
The latter is a Hamiltonian structure and plays a crucial role in the 
Hamiltonian dynamic systems. The explicit determination of the 
symplectic structures on coadjoint orbits of Lie groups is essential for 
the study of different problems. Therefore, the question that arises is 
how to explicitly determine this symplectic structure? The aim of this 
paper is to give a systematic method for the explicit determination of 
symplectic structures on coadjoint orbits of Lie groups. The paper wills 
first be devoted to the study of adjoint and coadjoint orbits of a Lie 
group with an application in the case of special orthogonal group SO(n). 
Then we will show how to determine explicitly a symplectic structure 
on the orbit of the coadjoint representation of a Lie group. Particular 
attention is given to the groups of rotation SO(3) and SO(4), for which 
explicit description of these structures are given. 
 
2. Coadjoint orbits of a Lie group 
Let G be a Lie group and g an element of G. The Lie group G 
operates on itself by left translation: 
 
and a right translation: 
 
According to the associativity of the law of the group, we have 
 
In particular, applications Rg and Lg are diffeomorphisms of 
G. Similarly, because of associativity, Rg and Lg commute. Consider 
 
the inner automorphism group G. It leaves the unit e of the group G 
fixed, 
 
We can define the derivative of  at the unity element e, i.e., the 
application of induced tangent spaces as follows : 
 
where G = TeG is the Lie algebra of the group G; is the tangent 
space to G in its unity e. this definition has a sense because is 
a curve in G and passes through the identity t = 0. Therefore, for any 
element , we have 
 
One easily checks that 
 
Definition 2.1 The map 
 
is called adjoint representation of the group G. The adjoint orbit is 
defined by 
 
The map  is algebra  
Consider the map 
 
Where End is the space of linear operators on the algebra . The 
map Ad is differentiable and its derivative at the identity of G is a 
linear map from the algebra to . This 
application will be denoted 
 
Where is a one-parameter group with 
 
Let and .  




Let be the cotangent space to the group G at the identity 
g; this is the dual vector space . Therefore an element is 
a linear form on and its value will be designated by 
.  
Let be the dual vector space of the Lie algebra G; this is 
the cotangent space to the group G at the identity e. 
 
Definition 2.2 The dual operator 
 
of  is defined by 
 
is called coadjoint representation of the Lie group G. We define the 
coadjoint orbit (also referred to as the Kostant-Kirillov-Souriau orbit) 






be the map defined by 
 
and consider its derivative at the identity g, 
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is a linear form, then 
 
 
3. Application in the case of the group SO(n)  
We will show in this part, how to find the adjoint and co-
adjoint orbits in the case of the group SO(n). Recall that SO(n) is the 
special orthogonal group of order n, i.e., the set of n × n matrices such 
as :  (or ) and det X = 1. SO(n) is a Lie group. The 
tangent space to the group SO(n) at the identity, which is designated by 
so(n), is formed by the antisymmetric matrices n x n, i.e., matrices A 
such that : . The commutator of two antisymmetric matrix is 
still an antisymmetric matrix (if , then 
. This product defines a Lie algebra structure 
on so(n); this is the Lie algebra of the group SO(n). 
Let 
; 
be the inner automorphism group of SO(n). When searching the 
coadjoint orbit, we will require that the Lie algebra so(n) provided with 
the commutator bracket operation [; ] is isomorphic to the space 
with the vector product ^. The isomorphism is given by 
 
Where 
  and  
Théorème 3.1 a) The orbit of the adjoint representation of the group 
SO(n) is 
 




spectrum of C = spectre de A}: 
c) With the above notation, we have 
 
Proof: a) Let . By definition, the adjoint 
representation of the group SO(n) is 
 










where Y (t) is a curve in SO(n) with . , then 
we also have the isomorphism .  







One easily checks that .  
So 
 




Therefore, the matrices C and A have the same characteristic 
polynomial, so they have same spectrum. Consequently, 









Therefore, fA;Bg = [B;A], and the theorem is proved.  
 
4. Symplectic structure on the orbits and application 
We will see in this section how to define a symplectic 
structure on the orbit of the coadjoint representation with an 
application in the case of groups SO(3) and SO(4). Let the 
tangent vector at x to orbit. As is a vector space, then obviously 
.  
Remember that : 
For , it exists such that : . Let and 




So the vector  can be represented as the velocity vector of 
movement of x under the action of a group . In other words, 
any vector tangent to the orbit is expressed in terms of 
by (1) 
Therefore, one can determine the value of a 2-form - of the 
orbit O¤G (x) as follows: let 𝜉1 and 𝜉2 be two tangent vectors to the 
orbit of x. Considering the above, we have 
 
One easily checks that the 2-differential form 
 (2) 
on is well defined; its value does not depend on the choice of 
and .  
In addition, it is antisymmetric, non-degenerate and closed. 
To determine the symplectic structure on the orbit , the 
procedure is as follows: according to (2), we have 
 
where  and under (1), 
are two tangent vectors to the orbit in X or 
what amounts to the same of the previous theorem, c), 
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,  





According to the previous theorem, b), coadjoint orbit of SO(3) is 
; spectre de C = spectre de A}; 
Where 
  and .  












Algebra so(3) is isomorphic to , it follows that the orbit 
 is isomorphic to a sphere S2 of radius r. Since the vectors  
belong to the tangent plane  at X, they also belong to the 
tangent plane at x.  
Let 
 
be the sphere of radius r, then the plane tangent to this sphere in x with 
coordinates (x1; x2; x3) is 
                 (3) 
Let and determine a = (a1; a2; a3) such that: 
 
The latter is equivalent to the system 
 
that its solution is 
 
The symplectic form on S2 that is to be determined are 
intrinsic, i.e., does not depend on the choice of the local coordinates, we 
can choose as local coordinates x1, x2 and the same reasoning will 
apply to other cases, i.e., x2, x3 et x3, x1. So we will calculate a and b 










As we have already pointed symplectic form being intrinsic, 
we finally have, 
Théorème 4.1 The symplectic form on the orbit is 
 
To determine the symplectic structure on the coadjoint 
orbits of the group SO(4), one can follow the same method as in the 
previous case but the calculation would be longer. However, one can 
easily get the result using a geometric approach by observing that so(4) 
consists of two copies of so(3) and that generic orbits are a product of 
two spheres. Specifically, from ,  it is more interesting 
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